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Abstract 
In this paper, we establish the correctness ofa conjecture by Hartman on the existence of 
large sets of size two for t = 2. Also, we obtain some partial results for t > 2. 
1. Introduction 
Let v, k, t, and 2 be four positive integers uch that v >~ k > t >1 0. We denote the set 
of/-subsets of a v-set X by Pi(X). A t-design S(2; t, k, v) is a pair (X, ~)  in which ~ is 
a collection of elements of Pk(X) such that every element of Pt(X) appears exactly 
2 times in ~. A large set of disjoint S(2; t, k, v) designs, denoted by LS(2; t, k, v), is 
a partition of Pk(X) into S(2; t, k, v) designs. A LS(~-t~)/n; t, k, v) will be denoted 
LS(1/n; t, k, v). To review the literature on the existence of large sets one can consult 
(Chee et al., 1990; Teirlinck, 1989) and the literature cited there. 
In [7], Hartman has considered the partitioning of the complete design (X, Pk(X)) 
into tWO parts (designs) of equal number of blocks, and consequently he makes the 
following conjecture. 
Conjecture (Hartman [7]). There exists a partition of the complete design 
v- - t  v - - t  v - - i  S((k-t); t, k, v) into two S((k-~)/2; t, k, v) designs if and only if (k-i) is even for 
i =0,  ... ,t. 
A progress report on settling this conjecture is as follows: (i) for t = 1, the problem 
has been completely settled by Baranyai [3]; (ii) for t = 2 and k = 3, the case has been 
answered by Dehon [6], Hartman [7], and Khosrovshahi and Ajoodani-Namini [8]. 
These authors have employed quite different procedures; (iii) for t = 2 and k --- 4, the 
conjecture has been proved to be correct by Hartman [7]; (iv) Hartman in [7] has 
also given many halvings of complete designs for some other families of BIBDs; (v) for 
t = 2, k ~< 15, the problem has been solved by Ajoodani-Namini and Khosrovshahi 
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[1]; (vi) for t = 2 and v = 2k, the problem has been established by Alltop whenever 
k is not a power of two [2]; (vii) for t = 6 and k = 7, Teirlinck [10] and Khosrovshahi 
and Ajoodani-Namini 1-9] have proved the correctness of the conjecture and conse- 
quently they have constructed infinite families of 6-designs. 
In this paper, we present a direct construction for LS(1/2; 2, 2", 2 "+1 + 2), and then 
utilizing these large sets we prove Hartman Conjecture for t = 2. 
2. Notation and background 
Let Xa and X2 be two disjoint finite sets and let kl and k2 be two positive integers. 
Then for ~1 ~ Pk~(X1) and ~2 ~ Pk2(X2), we define 
~1 * ~2 : {AIuA2 ] A1 ~ ~1 & A2 E ~2 }" 
Clearly ~1 * ~2 c Pkl +R2(X1 ~Xz).  Let ~ _ Pk(X). For each T ~ Pt(X) the number of 
occurrences of T in the blocks o f~ will be denoted by n(T; ~).  Clearly, n(T; ~)  = 0 
whenever t > k. 
Let X be a finite set, and let k and t be two integers uch that 0 ~< t < k. Two subsets 
A and B of Pk(X) are said to be t-wise equivalent if the number of the occurrences of 
each T ~ Pt(X) in A and B are the same. In particular, A and B are 0-wise equivalent if 
and only if [A] = [B[. A subset of Pk(X) is called t-halvable if it has a partition into two 
t-wise equivalent subsets. We will denote by A(t, k), the set of all v's such that an 
LS(½; t, k, v) exists. 
The following lemmas are proved in [1]. 
Lemma 2.1. (i) I f  0 <~ i <~ t, then t-wise equivalence implies i-wise equivalence, and 
(ii) disjoint union of t-halvable sets is t-halvable. 
Lemma 2.2. Let X1 and X2 be two disjoint sets, and let tl, t2, kl, and k2 be four integers 
such that 0 <~ tl <~ kl and 0 <~ tz <~ k2. Let ~i ~- Pk,(Xi)for i = 1, 2, and suppose that 
~1 is q-halvable. Then (i) ~1 * ~2 is t 1 halvable, ( i i) /f~l is tz-halvable, then ~x * :~2 is 
(tl + t2 + 1)-halvable. 
Lemma 2.3. I f  v ~ (~l=oA(t, k + i), then v + l ~ A(t, k + l). 
Lemma 2.4. I f  v ~ (]~=,+ 1A(t, i) and u ~ A(t, k), then {u + l(v - t ) [ l >1 1 } c A(t, k ). 
3. Construction of LS(1/2; 2, 2", 2"+%2) 
Let X = {1 . . . .  ,2u}, A, = {2i-- 1, 2i} for 1 ~< i ~< u, and let Y = {Ax . . . . .  Au}. We 
define a function q5 from the power set of Y into the power set of X by 
dp(B) = Ua,~nAi, for B c Y. The following lemma is immediate. 
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Lemma 3.1. I f ~ l and ~ 2 are j-wise equivalent subsets of Pro(Y), then 49(~1) and 49 (~2) 
are j-wise equivalent subsets of P 2m( Y ). 
For B c X, T c Y and C c Y \T ,  we define 
Supp(B) = {A,I A,c~B # 0}, 
f(B) = {ail Ai = B}, 
g(B) = Supp(B)\f(B), 
F(T) = {B ~ X I f (B )= O&g(B)= T}, 
r(T, C) = {B ~ XI f(B) = C&9(B) = T}, 
F,,(T) = {B6Pm(X)[g(B)= T}. 
Lemma 3.2. Let T~Pj(Y) ,  C1, C2c  Y \T ,  C1#C2, and ]C1]=]C21. Then 
(i) F(T, Ci) is (j - 1)-halvable, (ii) F(T, C1)~(T, C2) is j-halvable. 
Proof. For 16 {0, 1} define 
FI(T)= {B ~ F(T)I ~" x = I (m°d 2) } 
Then, it is easy to see that {F°(T), F I(T)} is a partition of F(T) into two (j - 1)- 
wise equivalent subsets. Hence by Lemma 2.2 F(T, Ci) = F(T)* {49(Ci)} is (j - 1)- 
halvable. To prove (ii) let 
o~ o = iV°(T). {49(C1)}uiV I(T)* {49(C2)}, 
Y ,  = iV°(T), {49(C2) }~iV ' (T ) ,  {49(C1) }. 
Then {ffo,.~a} is a partition of F(T, C1)uiV(T, C2) into two j-wise equivalent 
subsets. [] 
Lemma 3.3. lflZl >1 3, then Fro(T) is 2-halvable. 
Proof. If iVm(T) # O, then m = 2l + I TI for some l/> 0, and so {iV(T, C)I C ~ Pt(Y \T)} 
is a partition of Fro(T). Now, the assertion follows by Lemmas 2.1 and 3.2. [] 
Lemma 3.4. Let n >/2, v = 2 "+2 + 1, k = 2 "+ l, and let X1 be a v-set. Then Pk(X1) has 
a partition {~1, o~2 } into two 1-wise equivalent subsets uch that 
T~P2(Xj) 
Proof. Let m=2" ,  u=2m=k,  and form X, Y, and A~'s. Let ooCX and denote 
X1 = Xu  { oo }. Clearly {Pk(X), { oo } • Pk-, (X) } is a partition of Pa(X1 ). 
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If IT[ = 2, then by Lemma 2.2 
r2~(T) = F(T) • ¢(P~_, (Y)) 
is 2-halvable. (Note that (2%-2) is even.) 
If ITI is even and greater than 2, then due to Lemma 3.3, F2m(T) is 2-halvable. 
If I T I is odd and greater than 1, then due to Lemmas 2.2 and 3.3, { ~ } * F2,,- 1 (T) is 
2-halvable. 
Therefore, Pk(X1 )\((U~=I { ~ } * ¢(Pm-, (Y\{AI}))we(Pro(Y))) is 2-halvable. 
Let 1 ~< i ~< u. Since 2m - 1 and m - 1 are coprime, if ai is any cycle of length u - 1 
on Y\{A~}, then orbits of the cyclic group generated by a~ on Pm-I(Y\{Ai}) are 
1-designs of index m - 1, and the total number of orbits is (2"L-11)/(2m - 1) which is 
odd. Therefore, we can write P~- I (Y \{A~})= Di•Ei, in which D~c~Ei =O, Di is 
1-halvable, and E~ is an orbit of some block BieP I - I (Y \A~) .  Without loss of 
generality, we may assume that 
Bj = Bz+j = {A1, . . . ,A, ,}\{Aj} fo r j  = 1 . . . .  ,m, 
and IBi~ai(Bi)l = m - 2. Let 
E i l=  {aZ(Bi), t74(Bi), . . . ,  a2m-2(Bi)}, 
Ei2 : {0 "1 (Bi), o'3(Bi) . . . . .  0 "2m- 3(Bi)}. 
Then by Lemma 2.2, { ~ } • ¢(D~) • PI(A~) is 2-halvable, and if we define 
H~ = {{ ~,  2i - 1 }we(B),  { ~,  2i }w¢(C)lB e Eit, & C e E,3-I)}, 1 <~ l <~ 2, 
then {Hi~, H,z} is a partit ion of { ~ } • PI(A~)* ¢(E~\B~) into two 1-wise equivalent 
subsets, and it is easy to check that 
In(T, Hia) - n(T, Hi2)[ = 4(m - 1). 
T6P2(Xj) 
Let Ya = Y\{A1}, and let {Dl l ,  Daz} be a partit ion of D1 into two 1-wise equiva- 
lent subsets. For  l e {1, 2} define 
rt = {Bw{A1}, Yt \CI  B e Du& C e Dt¢3-,)}. 
It is straightforward to check that F1 and F2 are 2-wise equivalent. Hence by 
Lemma 3.1, ¢(F1) and ¢(F2) are 2-wise equivalent. Let 
F3 = {Bw{Ax }, Y l \S lS  e E~ } = P~.,(Y1)\(FIuF2). 
Now, we have Pro-I(Y\{Ai}) = P,w Y,\{B,}w{b~} and Pro(Y) = F1uF2wF3, there- 
fore in view of the above remarks, to prove the assertion we must show that 
= ¢(F3)u(~2=ml { cx~ } * P, (A , )  * ¢(B,) )  
has a partit ion {K1, Kz} into two 1-wise equivalent subsets such that 3)/ 
In(T, K1) - n(T, K2)[ < 2 -- 8m(m - 1). 
r • v,~x,) 2m 
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Now, we remark that F3 is the union of 2m - 1 Steiner 1-designs (each consisting of 
a block and its complement), so F3\{Blw{A~}, YI\B~} is the union of (2m-  2) 
Steiner 1-designs, and so it has a partit ion {F3~, F32} into two 1-wise equivalent 
subsets each consisting of 2m - 2 blocks. Let 
K 1 = q~(F31)u(U~n= 1 { oo } * Pl(Ai) * qb(Bi))w{{2m + i . . . .  ,4m}}, 
K2 2" = ~9(F32)k.,)(Ui=m+l { (:XD } * PI(Ai) * ~b(Bi))w{{1 . . . . .  2m}}. 
Since Bi = B"+i for i=  1 . . . .  ,m, K 1 and K 2 are l-wise equivalent. Therefore, 
{Kt,  K2 } is a partit ion of ~ into two 1-wise equivalent subsets, and it is straightfor- 
ward to check that 
Z 
TeP2(X~ ) 
In(T, K1) - n(T, Kz)I ~< 2(2m - 2) (22") + 4m(2m - 1) + 2(22 ") 
4" -  3 < (2"-1)/2 - 8m(m - 1), 
(noting that m >~ 4) which completes the proof. []  
In the remainder of this section, we assume v = 2u = 2" + 1 + 2, k = 2m -- 2", and 
n i> 4. By Lemma 3.4, P"(Y) has a partit ion {~1, ~z} into 1-wise equivalent subsets 
such that 
TeP2(Y) 
We form two disjoint collections o¢gl and ~2 of the elements of P2 (Y) by the following 
rule: ~ contains T e P2(Y) exactly m times if n(T, ~2)  - n(T, ~1 ) = ( - 1)~m. There- 
fore, (~¢gl, g2)  is a (1, 2, u)-trade of volume b/2, and so it can be written as a sum of 
s minimal trades for some s <<. b/2 I-8]. In other words, for 1 ~< i ~< s, we can find 
a 4-subset Ei = {Cil, Ci2, Ci3, Ci,} of Y such that if we let 
Ti l  --- {{Ci l ,  Ci2}, {Ci3, Ci4}}, Ti2 = {{Ci,, Cia}, {Ci2, Ci,}}, 
then for S e P2(Y), 
n S, Til - -n S, Ti2 =n(S ,~ l ) -n (S ,~t :2 )=n(S ,~ l ) -n (S ,~2) .  
i=I / i=1 
Therefore, 
(n(S, ¢ (T . ) )  - n(S, ~(%~)))  = n(S, ~(~) )  - n(S, ~(~)). 
i=1 
u-4  Now, since s < (,,_ 1)/4, we can find s distinct subsets BI, . . . ,  B~ of Pro- I (Y ) such that 
BinEi = 0. For  1 ~< i ~< s and 1 ~< l ~< 2 define Fit = [.)s~r ...... F(T, Bi). Proof  of the 
following lemma is straightforward and so it does not appear here. 
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Lemma 3.5. F/t and F/z(1 <.% i <.% s) are 1-wise equivalent, and for S ~ Pz(X) ,  
n(S, Vi2) - n(S, Fn) = n(S, q~(Til)) -- n(S, ~b(ri2)). 
Let Mo = (O(Pm(Y ))u(U~= 1U 2= 1US~ T, F(S, Bi) ) and for T s P2 ( r )  define 
Ar = Pm- I (Y \T ) \{B , ] I  <~ i <<, s& T~ T, lwT,2}, 
Mr = UB~aTF(T, B). 
Clearly, {Mo, Mr] T e P2(Y)} is a partition of (O(Pm(Y))U(UT~e,(r)F2m(T)). 
Lemma 3.6. Mo is 2-halvable. 
Proof. Let ff~ = ~b(~)u(UT=IF, ) for i ~<1~<2. Then {(¢1,(¢2} is a partition of 
Mo and by Lemma 3.5 for S ~ P2(X) we have 
n(S, ~1) - n(S, ~2)  = n(S, 4)(~1)) - n(S, q~(~2)) + ~ (n(S, F . )  - n(S, F,2)) 
i=1  
= ~, (n(S, ~b(Ta)) - n(S, 4)(Ti2))) 
i=1  
+ ~ (n(S, (a(Ti2)) - n(S, ~b(Til))) = O. 
i=l 
Therefore (¢~ and (¢z are 2-wise equivalent. [] 
Lemma 3.7. For T ~ P2(Y), Mr is 2-halvable. 
Proof. Let A~ = P , , - I (Y \T ) \AT .  Clearly, we have 
]A~[ = ~ ((n(T, Ti,) + n(T, Ti2)) ~2 ~ ((n(T, Til) - -  n(T, Ti2)) 
i=1  i=1 
=-2 n(T, ~1 ) - n(T, ~2) =--2 n(T, ~1 ) + n(T, ~z)  = (2~-7-11) =2 1. 
Therefore, IATI is even and the assertion follows by Lemma 3.2. [] 
Theorem 3.8. For n >>. 4, an LS(1/2, 2, 2", 2 "+1 + 2) exists. 
Proof. Clearly, {Mo, Mr, Fk(S) I T ~ Pz(Y), S ~ P2t(Y), 2 <.% l <.% 2 "-1} is a partition of 
Pk(X). By Lemmas 3.3, 3.6, and 3.7, each element of this partition is 2-halvable, and 
hence by Lemma 2.1, Pk(X) is 2-halvable. [] 
4. Main results 
In this section, we prove Hartman Conjecture for t = 2. To do this, it will be more 
convenient to express the necessary conditions as a system of congruence relations. 
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For given m and I with m t> l, we denote by a(m, l), the largest integer n such that 2" 
divides (T), and the smallest positive integer n such that I < 2", will be denoted by f(/).  
It is well known that 
a(m, l) = ~ ~ - -- , 
in which [x]  denotes the largest integer smaller than or equal to x. Let B(t, k) denote 
the set of all v's such that (~,-i) is even for 0 ~< i ~< t. A triple (v, k, t) is called feasible if 
v e B(t, k). 
Lemma 4.1. Let rn~, tn2, and 1 be three positive integers such that m~, rn 2 ~ l, and 
rnl - rn2 (rood 2z(t)). Then (~') if and only if(m~) is even. 
Proof. Without loss of generality, m I < 2 z(~) + l, and so m 2 = m I + j2  y(z) for some 
j >~ 0. An easy computat ion shows that a(ml, l) ~ a(m2, l). Let a(mz, l) > O, and let 
i be the smallest positive integer such that 
m[_~_ ] Fro2--11 [~] 
- -  - -  >0. 
L 2' A 
If i > f ( l ) ,  then 
E m2 ] Fro2--11 [2iI~_i] [~i]--2Fm2]-ll 
- L2 ,_  1 j -  )2  L 2' J -1>0 '  
which is in contradiction with the minimality of i. So i ~<f(l), and 
[ml] Fml - f l l  Ill [m2] E~ ] Ill a(m,,l)>~ -~- -L  2' _]-  = -~- - - >0. [] 
Lemma 4.2. A triple (v, k. t) is feasible if and only if one of the followings holds: 
(i) v - t, . . . ,  k - 1 (mod 2Y(k)), (ii) V -- Vo (mod 2I~k)), k < Vo < 2 s(k), and 
(vo, Vo - k, t) is feasible. 
Proof. Let v - Vo (mod 2~(k)), k ~< Vo ~< 2 y(k) + k - 1. By Lemma 4.1 (v, k, t) is feasible 
if and only if (v0, k, t) is feasible. Now (2"~i- 1) is odd for all i, so if 0 ~ j  ~< t, then 
(2 I (k ) -  1 +j ,k ,  t) is not feasible. On the other hand, if Vo = 2I(k) + i for some 
t <<, i < k, then for 0 ~<j ~< t we have 
so (vo, k, t) is feasible. [ ]  
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Theorem 4.3. Let t, m, and I be three positive integers uch that m <~ I and t < 2" - 1. 
I f  2f(i) + teA( t , i )  for t < i < 2 m, and 21+l + t6  A(t, 2i + j )  for m <~ i < l and 
0 ~<j ~< It/2], then A(t, k) = B(t, k)for  k < 2 l+t 
Proof. By assumption 2 s(t+ t) + t ~ A(t, t + 1), so by Lemmas 2.4 and 4.2 
A(t, t + I) = B(t , t  + 1) = {vlv = t (mod2 s"+t))}. 
Let t + 1 < k < 2 l+1, and assume that A(t, i) = B(t, i) for i < k. Denote n =f(k),  so 
2"- t ~< k < 2". If k > 2" + It/2], then by induction hypothesis 2" + t ~ A(t, 2" + t - k) 
which implies that 2" + t ~ A(t, k). Therefore, 2" + t ~ N,k=t+ 1A(t, i). 
Let v ~ B(t, k), and v =- Vo (rood 2") with k ~< v0 < 2" + k. If Vo < 2", then by induc- 
tion hypothesis vo E A(t, Vo - k) which implies that Vo ~ A(t, k ). On the other hand, if 
Vo~ {2" + l i t  ~< i < k}, then by Lemma 2.3 voEA(t ,k) .  Therefore by Lemma 2.4, 
veA( t ,k ) .  [] 
Corollary 4.4. A(2, k) = B(2, k)for k >>. 3. 
Proof. For k ~< 15, the assertion is proved in [1]. Let k > 15. It is well known that if 
k is not a power of 2, then 2k ~ A(2, k) [2] and by Theorem 3.8, ifk is a power of two, 
then 2k + 2 ~ A(2, k). Now, by applying Theorem 4.3 with m = 4 and l = k, we will 
have A(2, k) = B(2, k). [] 
Corollary 4.5. A(3, k) = B(3, k)for  k <<. 15. 
7 3 15 Proof. In [4] it is shown that 11 e Nk=4A( , k) and 19 ~ Nk=sA(3, k). Now, assertion 
is an immediate consequence of Theorem 4.3. [] 
Corollary 4.6. If 4 ~< t < k ~< 7, then A(t, k) = B(t, k). 
Proof. In [4] it is shown that 8 + t ~ N7=,+ 1A(t, k). Now, applying Theorem 4.3 gives 
rise to the result. [] 
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